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The diffraction profiles of a thin single crystal with stacking faults were calculated with the 
theory of diffraction of a one-dimensionally disordered crystal (Kakinoki, Komura, Allegra) by 
including the effect of crystallite thickness. The results hold for generalized close packed 
structures. 

An application to calcium hydroxide is discussed: the stacking faults significantly contribute to 
the disorder of poorly crystalline forms of Ca(OH)2 produced by reaction of calcium oxide with 
water vapour at room temperature. 

1. Introduction 

Endothermic decomposi t ions of the type 

A (solid) B (solid) + C (gas) 

and their reverse reactions 

B (solid) + C (gas) A (solid) 

often produce [1] solid mater ials character ized by 
large chemical reactivity, and by var ious crystal 
imperfections such as small crystallite sizes and 
microstrains. In this case, both kinds of imper fec -
tions can be simultaneously de te rmined with the 
broadening analysis of X-ray powder d i f f rac to -
grams, e.g., from the knowledge of the Fou r i e r 
transforms of some (suitably chosen) d i f f r ac t ion 
lines [2], 

In a previous investigation [3] on calcium hydrox-
ide produced by CaO vapour phase hydra t ion , evi-
dence was obtained for the fact that the above men-
tioned kinds of defects cannot fully explain the ex-
perimental diffraction profiles. On a purely analogi-
cal basis, we indicated that a third kind of crystal-
line imperfection (disorder of the stacking sequence) 
is probably involved. 

Generally speaking, the d i f f rac t ion prof i les of 
structures built up with an arbi t rary stacking 
sequence of simple or complex layers can be cal-
culated with the theory of d i f f rac t ion of a one-
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dimensionally disordered crystal. This is a well 
established topic [4], which received cont r ibut ions 
from several Authors (see, e.g., [5 — 9]); appl ica t ions 
deal with polytypism in disordered crystals, wi th 
antiphase boundaries in ordered solutions, and with 
complex stacking faults in hexagonal or cubic struc-
tures. 

However, the final results of the theory^ are 
generally worked out for large crystals, and are not 
directly suitable — in their present fo rm — for the 
investigation of a sample of small-sized crystallites. 

In the present work, we shall show first how this 
limit can be removed for a large class of mater ia l s 
(provided that their structures are close packed in 
the generalized sense defined in the fol lowing sec-
tion); moreover, we shall apply this result to our 
previous investigation in order to prove that the 
Ca(OH) 2 particles obtained f rom C a O with a 
(highly irreversible) gas - so l id reaction exhibi t bo th 
small crystallite sizes and a detectable a m o u n t of 
stacking disorder. 

2. Diffraction from a Thin Single Crystal 
with Layer Disorder 

It is worth recalling here some significant points 
of the theory of diffract ion f rom monod imens iona l -
ly disordered crystals as presented by Allegra [7], 
and Kakinoki and Komura [8, 9], 

This theory looks at each part icular s t ructure as 
built up with a set of parallel layers having the s ame 
two-dimensional cell. Two layers may d i f fe r f r o m 
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each other either because they contain d i f fe ren t 
arrangements of atoms or ions, or because they have 
the same content al though being reciprocally mis-
placed. 

In the "equal thickness" case (which dif fers f rom 
the most general case inasmuch as the layers are 
assumed to have all the same thickness along c, i.e., 
the crystallographic axis perpendicular to the 
layers), the intensity equat ion becomes 

N- 1 

I (<P) = X (N ~ m) e X P 7 m v) Jm + c o n j - ( 1 ) 
m = 0 

Jm = lv(VFPm), 

where 

Fa is the existence probabil i ty of a (type /') layer, 
h, k, I are the Miller indexes, 
N is the number of layers in the crystals, 
Pjj is the continuing probabil i ty of layer j a f te r 

layer /, 

Vii=V{i) V*(j), 
V(i) is the form factor of layer /', and 
<p = 2 n I. 

In the "displacement stacking faults" case it is 
fur thermore assumed that the bidimensional cells of 
the layers are hexagonal and differ only because 
their origins are displaced by vectors H(: 

U; = i (a/3 + 2 A/3); (/ = 1 , 2 ) . (2) 

In other words, their origins must be placed at the 
positions denoted by letters A. B and C in the usual 
notation of close packed structures. 

As a matter of fact, most of the practically inter-
esting problems belong to a somewhat in te rmedia te 
case, denoted in the following as "general ized close 
packed structures"*. Here, a monodimens iona l ly 
disordered crystal is built up with a few " s i m p l e " 
hexagonal layers which are joined together (e.g., by 
stoichiometry) to form a restricted number of "com-
plex" layers, obey to the "equal thickness" require-
ment. and contain the same types of " s imple" layers 
in the same order. 

The various complex layers (hereaf ter denoted as 
"kinds of layer") may differ f rom one ano ther 

* This name does not imply that these structures have 
anything to do with the densest packings of hard spheres, 
although the usual close packed structures are a particular 
case of this problem. 

because, on going f rom a given complex layer to 
another, it may happen either 

a) that all the constituent s imple layers have been 
displaced by the same w, vector (i.e., that the 
complex layer has been displaced as a whole)**, 
or 

b) that different displacements have occurred for 
each constituent s imple layer. 

Allegra [7] has shown how to prof i t f rom the 
regularities of generalized close packed structures to 
get a more manageable form of (1). 

The present work gives a more direct t rea tment of 
the problem, based on the inspection of the sym-
metry that the F, F and P matr ices take up as a 
consequence of the propert ies of generalized close 
packed structures. Because of the d i f fe ren t treat-
ment, the usual requirement to take the limit 
N -> 00 (N = number of complex layers in the actual 
crystal) is not employed and (1) can be worked out 
for an arbitrary (finite or infinite) value of TV, thus 
giving the desired applicat ion of the theory to the 
diffraction f rom thin crystallites. 

It is worth specifying here that we do not leave 
the basic assumption of a monodimens iona l dis-
order: both kinds of crystal imperfec t ions (i.e., small 
particle sizes and faults) are only relevant to the c 
axis. In other words, we explicitly assume both that 
the stacking faults extend over the whole crystal and 
that the crystal thickness is f inite only along the 
crystallographic direction perpendicu la r to the 
layers. 

Let us now consider the part icular s tructure of the 
V, F, and P matrices: when they are par t i t ioned into 
nine smaller (n x n) matrices, it turns out that only 
three of them are distinct, because the row of the 
partition contain the same submatr ices in di f ferent 
cyclic permutations, as indicated in the following 
equation: 

/ ' * 2.v V \ 
X = 3x >x 2x I . (3) 

3jc >X/ 

** This procedure can be applied twice to a given com-
plex layer, so that the set of all possible "kinds of layer" 
can be partitioned either into three groups of n elements, 
or into n groups of three elements. Hereafter we will 
assume that the (R = 3n) kinds of layer are suitably 
ordered [9] by considering a partition into three groups of 
n elements, so that the kinds placed at positions 7 + n and 
7 + 2« (j = 1 n) are respectively obtained by applying 
the u 1 or the u2 displacements to the kind placed at posi-
tion 7. 
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For the sake of brevity, this feature will be writ ten 
as 

X=G(]x, 2x, 3x). (4) 

In particular: 

where 

F=G(f, 0 .0 ) ; / = / ? " ' / „ . 

(/„ being the «-order unit matrix.) 

V= G (i\ e i, e* v); 

and 

P=GCP,2P,3P). 

Let us define 

h ^ i f , 

p= ]p + E* -p + £ 3p , 

and 

T„ = V F Pm. 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

Matrices defined by (3) have some interesting prop-
erties that can be easily verified and that greatly 
help in simplifying (1). Indeed, the produc t of two 
such matrices is again a matr ix with this s t ructure: 

G ('jc, 2jc, 3x) G ('>', 2y, 3y) = G (lz, 2z, 3z) . (11) 
In particular 

Tm = G{Um,2tm,3tm). (12) 

Moreover, by mathematical induct ion: 
]tm = hpm, 2tm = eltm- 3tm^e*'tm (13) 

and 
jm = tr (VF Pm) = 3 ix(hpm). (14) 

Equation (14) represents a remarkable i m p r o v e m e n t 
over (1) because it is an «-dimensional , instead of 
an ß-dimensional (R = 3 n ) problem. Moreover , if a 
(non singular) o matrix exists such that 

opo ] = q = diag (qu...,qn) 
we have 

tr (hpm) = Y,rjj(qJ)m, 
7 = 1 

where 

r=oho~x . 

(15) 

(16) 

(17) 

Equation (1) is then reduced to the sum of a geo-
metric series, thus giving in a s t ra ightforward way 

N~lI(l) = Re { Z a y ( l - / ? , ) - ' (18) 

Xj = 6R 1 rjj; ßj = qjexp ( - i <P). (19) 

Note that in (18) the intensity has been normal ized 
and its dependence on the Miller index / m a d e 
explicit (/ is a continuous variable). Cau t ion is 
necessary in evaluating the di f f ract ion intensity with 
(18) when /?,• = 1 or when det (o) = 0. 

Equation (18) gives the required link be tween the 
theory of diffraction f rom monodimensional ly dis-
ordered crystals and the powder method , as part ic le 
sizes (along c) and stacking faults are taken into 
account at the same time. 

Starting from (18), X-ray powder d i f f rac t ion pro-
files may be calculated 

a) by applying the powder pattern power theorem 
[2], and 

b) by summing up the intensities of the d i f fe ren t 
hk rows within the dif f ract ion sphere. 

3. Results and Discussion 

We can now discuss (18) in connection with our 
problem of small-sized and faulted particles of 
Ca(OH) 2 . 

The regular structure of this compound corre-
sponds to the indefinite repeti t ion of the same 
"minimal sandwich" of two anionic layers and one 
intermediate cationic layer placed in three d i f fe ren t 
(A, B, C) positions*. 

A discussion of the stacking disorder needs some 
preliminary statements about the order of inf luence 
between the layers. Fail ing a specific in fo rmat ion , 
we can start by taking into account the s implest case 
of influence between a given "min imal s an d wich " 
and its nearest neighbours only. Accordingly, the 
possible configurations of the minimal sandwiches 
are also the fundamental "k inds" of complex layer. 
These kinds are six, and are represented by the 
sequences (AyB) , (B yA), and by those ob ta inab le 
with cyclic permutat ion of the letters (fol lowing a 
common practice, Roman letters stand for the 

* Ca(OH)2 has a crystal structure [10] usually named 
Cdl2-type although this is not the most common polytype 
of the latter compound [11]. Indeed, Ca(OH)2 is iso-
structural with the smallest polytype (2H) of cadmium 
iodide. Figure 1 schematically shows the projections onto a 
(110) plane of the stacking sequences of this material and 
of some other polytypes frequently found in structurally 
related compounds such as Cdl2, CdCl2 or Pbl2. 
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Fig. 1. Stacking sequence of some polytypes of MX2 com-
pounds. Empty circles: M++; filled circles: X". 
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anionic layers, and Greek letters for the cat ionic 
ones). They will be indicated more concisely by the 
Greek letter of the intermediate cationic layer, 
primed or unprimed depending on whether the 
three constituent simple layers are in a direct 
(ABCAJBC...) or reverse ( A C B A C . . . ) order , re-
spectively. 

Given that there are six kinds of layer (whose 
ordered list is a, a', /?, /?', y, / ) six cont inuing 
probabilities are needed. 

First, we take into account the stacking sequences 
that are experimentally most relevant, namely the 
stacking sequences corresponding to the polytypes 
most frequently found in the MX 2 compounds struc-
turally related to Ca (OH) 2 . The indef ini te repet i-
tion of the sequences y. / , a ß and a -»• a cor-
responds to the regular structure of polytypes 4 H , 
6 R and 2H, respectively (see Figure 1). The cor-
responding probabilit ies will be denoted in the 
following with the letters a, b and c. The experi-
mental patterns show that a c value close to one 
should be always considered. 

In the assumption that an influence exists only 
between nearest layers, the same probabi l i ty of 
sequence x / will be given to sequence a -> ß', 
because the latter contains the reverse sequence of 
layers, merely relabelled. 

Finally, sequences x -> a' and i —• y describe ar-
rangements of anionic layers which are not close 
packed, so that the neglecting of their probabi l i t ies 
seems justified. 

Now. the relevant matrices are 

A = V(x) V* (a) , 

B=V{x) F * ( x ' ) = C* , 

D = V(oc') F * ( x ' ) ; 

0 2 b 

lo P=\ o) lo cl \a o) 
and 

3P = 
0 a 
a b 

(21), (22) 

(23) 

i' = 
(A B 
\C D 

(20) 

so that (18) can be easily evaluated for arbi t rary 
values of the h and k Miller indexes, of the n u m b e r 
of layers (N) and of the stacking sequences probabi l -
ities (a, b and c, with 2 a + b + c = 1). 

Figures 2 - 6 show the results o b t a i n e d * with 
some representative values of the pert inent pa r am-
eters (but always with c close to one). 

According to the present approach , powder X-ray 
diffraction patterns (XRD) taken on small-sized and 
faulted particles of calcium hydroxide ought to 
show the following distinctive features: 

a) {hh 0) lines are not affected by layer disorder; 
the same holds for h k 0 lines if (h - k) mod 3 = 0; 

b) broadening of ( 0 0 / ) lines occurs only in connec-
tion with small numbers of layers (N)\ 

c) (hkl) lines, with (h - k) mod 3 + 0, are b road-
ened by all kinds of layer disorder (the broad-
ening increases with increasing /), and peak 
asymmetry and displacement are expected when 
the stacking fault probabil i ty b is large; 

d) layer disorder gives a significant contr ibut ion to 
diffuse scattering between Bragg peaks. 

Actually, these results can be positively compared 
with the powder patterns of calcium hydroxide 
samples, if due allowance is made both for the com-
plexity of the microstructural d isorder of these 
materials and for its relevant dependence on the 
experimental procedures. 

Indeed, several experimental techniques [3, 13, 
14] have supplied evidence for the fact that calcium 

* The numerical computations have been made with 
the values a0 = 0.358 nm, and c0 = 0.490 nm for the lattice 
constants of Ca(OH)2, and z = 0.23 for the coordinate of 
the 0 atoms. The atomic scattering factors have been cal-
culated with the interpolating formulae given by the Inter-
national Tables [12] for Ca++ and ions, and neglecting 
the anomalous dispersion. 
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Fig. 2. Scattering intensity along the (1 0 /) line of the reci-
procal lattice of a Ca(OH)2 crystal with a = 0.01, b = 0 and 
with different thicknesses (N). 

0 1 / 2 

Fig. 4. Scattering intensity along the (1 0 /) line of the reci-
procal lattice of a Ca(OH)2 crystal with N = 20, b = 0 and 
with different a values. 

0 1 / 2 
Fig. 5. Scattering intensity along the (l 0 /) line of the reci-
procal lattice of a Ca(OH)2) crystal with N = 20, a = 0 and 
with different b values. 

0 1 / 2 
Fig. 3. Scattering intensity along the ( 1 0 / ) line of the reci-
procal lattice of a Ca(OH)2 crystal with a = 0, b = 0.01 and 
with different thicknesses (N). 

Fig. 6. Scattering intensity along the (1 0 /) and (2 0 /) lines 
of the reciprocal lattice of a Ca(OH)2 crystal with N = 20, 
ö = 0 and 6 = 0.1. The intensity scale is twice that of the 
previous Figures. 1 / 
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Table 1. Line breadth parameters of different calcium 
hydroxides. 

hkl Sampl es hkl 

A B Diff.% C D Diff.% 

00 1 0.54 0.38 30 0.69 0.42 40 
1 00 0.30 0.12 60 0.41 0.12 70 
1 0 1 0.72 0.33 54 1.10 0.55 50 
102 0.97 0.49 50 1.43 1.08 25 
1 1 0 0.39 0.24 40 0.46 0.35 24 
1 1 1 0.50 0.31 38 0.93 0.55 40 

Table 1. Line breadth parameters of different calcium 
hydroxides. A: calcium hydroxide produced from large 
CaO crystallites. B: same sample as A. but after thermal 
treatment. C: calcium hydroxide produced from small 
CaO crystallites. D: same sample as C, but after thermal 
treatment. 

hydroxides with different microstructural p roper t ies 
can be produced when di f ferent starting mater ia l s 
or different working condit ions are employed. 

Table 1 reports the X R D line bread th pa rame te r s 
(B cos,'). B = line width at half height , corrected for 
instrumental broadening) of the powder pa t te rns 
taken on two samples prepared through the react ion 
sequence calcium hydroxide —• calcium oxide —> 
calcium hydroxide. The hydra t ion step was always 
carried out under highly irreversible condi t ions (so 
that poorly crystalline hydroxides were p roduced ) : 
the difference was in the nature of the in t e rmed ia te 
oxides. In one case, the small-sized C a O part icles 
produced in the decomposi t ion step were directly 
hydrated; in the other case, before hydra t ion , they 
were heated at 1100 K for several days, a t r ea tment 
which produces larger C a O crystallites. Moreover , 
both hydroxide samples undergo an exo thermal 
irreversible t ransformation to more crystall ine 

materials when heated under a dry and deca rbon-
ated atmosphere, so that we were able to record 
four distinct powder X R D patterns*. 

From an inspection of Table 1 we can gain evi-
dence of monodimensional disorder by not ing the 
values of the ( 1 0 / ) lines, their trend with increasing 
/, and the values of the (00 1) and ( 1 1 0 ) lines. 
Moreover, a closer look at the patterns taken be fo re 
the thermal treatment shows that there are measur -
able peak displacements for ( 1 0 / ) lines, tha t their 
dependence on the / index is as expected, and that 
they almost disappear after the thermal t rea tment . 
It should be noted, however, that the above dis-
cussed model does not fully explain the micros t ruc-
ture of calcium hydroxides produced by v a p o u r 
phase hydration: in particular, the large b r ead th s of 
the (1 1 0) and (111) lines indicate that there is also 
a finite coherence size along the plane of the layers. 

It is important to compare the results on the same 
sample before and after the thermal t rea tment . 
Quite clearly, during the irreversible t r ans fo rma-
tion. a crystallite growth takes place, but this seems 
to be closely connected with (and possibly dr iven 
by) a recovery of stacking disorder. 

A sistematic work is in progress to unders tand the 
rather complex influence of the exper imental condi-
tions on the microstructural disorder of the p roduc t s 
of vapour phase hydration and on its recovery 
process: it is worth noting here that the p ic ture so 
far obtained is in agreement with previous ni t rogen 
adsorption isotherm and differential scanning calo-
rimetry measurements [3. 13, 14], 

* Apparatus and experimental procedures have been 
detailed previously [3]. 
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